i=n 


i=0 


The reader will observe the identity of this equation with the one from 
which the recurrence formula for the normal forms of symmetric functions was 
derived. 


2. On THE NUMBER OF FuNcTIONS REQUIRING CALCULATION IN Rm», AND THE 
SuFFICIENCY oF ARONHOLD’S OPERATOR. 


It is evident that every symmetric function of the form 
by 
in Where x,2%,2... can be reduced to the form 


Hence only those functions require calculation which contain in any term 
less than all the n roots ; and of these we know all the fundamental symmetric 
functions, 


Let N denote the number of functions requiring calculation. All the terms 
in Ran in which a,, is not a factor, contain functions in which n roots enter, and 
are therefore of the before mentioned reducible form, and are dependent upon 
such forms as do not contain n roots inaterm. These latter irreducible (in this 
sense) forms are all found among the terms of R»,» which contain a power of an, 
and among these are none which contain n roots in aterm. We may note that 
the terms of the form (b, )"(an)"—"(@m_1)" 28,3, ....5, from to r=n—1, n 
in number are found among them and are known. We have N+n-=-the number 
of terms in RR,» containing a,.. The whole number of terms or functions, /, in 
the resultant Rim.n is 


(m+1)(m+2). ...(m+n) 


J 


The number of them not containing a,, could be found by putting a,,—0. 
It is the same as the number of terms in Rp_i,n, and is 


m(m+1)....(m+n—1) 
8 


Therefore, 


(m+1)(m+2)....(m+n) m(m+1)....(m+n—1) 
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(m+1)(m+2)....(m+n—1) 
= 1.2....(n—1) 


=e, or 


n 


N+n=f——“e=e, and N+-n=e= St, 


and we see: 


(1). The number of identical linear equations furnished by Aronhold’s op. 
erator, and containing the N unknown functions together with n others, is just 
equal to the number N-+-n, and therefore jast sufficient to compute both the wnknown 
N as well as also the n other functions, if we regard the latter as unknown. This 


proves the sufficiency of Aronhold’s operator for calculating the resultant | 


by means of symmetric functions. 
(2). Certainly less than one-half of the whole number of symmetric function 
which enter into the resultant require calculation. 


If m=n, N+n=4f, 
e=1, f=3, 
a=3, N=1, f=6, 
n=8, N=7, e=10, f=20, etc., 


which agrees with the fact that we found 7 functions requiring calculation in Ry, , 
3. FARTHER REMARKS ON CALCULATING 


(1). Recurrence methods. 
Since the sum of all the terms which do not contain a, is equal 
to baRm—i,n, We have 


i=n 
Rm -1, n+ 24 aay) (a, | | 
i=0 
where the exponent of a,, must not be zero, and where 4,+4,+....Am=n—l. 
The second portion of the right hand expression contains all the unknown fune- 
tions while the first term is a previously calculated resultant. By giving m and 
n special values, or requiring them to satisfy certain relations, like m=-n+1, ete., 
various recurrence formulas may be obtained and used. 
(2). Direct calculation of Rijn. 
If one does not choose to proceed by recurrence formulas we have shown 


ten down by an easy rule, to calculate Rm,m directly and independently. From 
Ram We can obtain Ry» Where n=m—r, at once by the formula 


Ra m—r=( —1 
oe 


To this may be added the relation, Rm»—=(—1)""Ra,m. 
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BIBLIOGRAPHICAL REFERENCES. 


In the preparation of this paper many of the fundamentals of Algebra have 
been assumed as being familiar. For the benefit of any readers who may feel 
the need of them, the following references are given to cover the ground which 
has thus been assumed. The references are intended in no sense to form a com- 
plete bibliography. 

In the theorems concerning order and weight of symmetric functions, see 
Fad di Bruno, Einleitung in die Theorie der Biniiren Formen, German Transla- 
tion by Dr. Theodor Walter, Leipzig, B. G. Teubner, 1881. ss. Tu. 13; also 
Burnside and Panton, Theory of Equations, secund edition, London: Longmans, 


Green & Co., 1886, pp. 299 et seq. 


On corresponding and conjugate forms of symmetric functions, see Faa di 
Bruno, loc. cit. Anhang, s. 302 et seq. 

For tables of symmetric functions. Ibid. s. 311 et seq. 

For a pretty complete bibliography of the literature up to 1881, of sym- 
metric functions, resultants, and related subjects, see Fad di Bruno, Anhang. ss. 


et seq. 


On the resultant of two binary forms and its elementary properties, see 


Fad di Bruno, loc. cit. §5. Ueber die Bildung der Resultanten. s. 50 et seq. §6. 
 Kigenschaften der Resultanten, s. 75 et seq; also Gordan, Invariantentheorie, 


Rss 
und Sohn, 1898. §53, Resultanten, s. 175 et seq ; also Burnside and Panton, loc. 


Erster Band, Leipzig, B. G. Teubner, 1885. §§ 10 u. 11, s. 145 et seq ; also Weber, 
Lehrbuch der Algebra, Zweite Auflage, Erster Band, Braunschweig, F. Vieweg 


cit. Chapter XIII, pp. 318 et seq. 

On the resultant in terms of symmetric functions, see the references al- 
ready given. 

In addition to the preceding, the works of Salmon either in German or in 
English may be consulted. 

On substitutions and their application to determinants, so far as employed 
in this paper, see Gordan, loc. cit., s. 1—31. 

On Aronhold’s operator, see Gordan, Invariantentheorie, Zweiter Band, 
Leipzig, B. G. Teubner, 1887. s. 60 et seq. 

For proof of the proposition that Aronhold’s operator applied to the re- 
sultant gives identically zero, or that OR» ,»=0, see Faa di Bruno, loc. cit. s. 79, 
Anmerkung 3. 

On corresponding matrices and corresponding determinants, see Gordan, 


_ Invariantentheorie, Erster Band, s. 94 et seq. 


On the number of homogeneous products of n elements to r dimensions, 
see Todhunter, Algebra, London: Macmillan & Co., 1881. p. 316. 
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URKUNDEN ZUR GESCHICHTE DER NICHTEUKLIDISCHEY 
GEOMETRIE VON F. ENGEL UND P. STAECKEL. 


By GEORGE BRUCE HALSTED, University of Texas, Austin, Texas. 


I. Nikolai Ivanovitsch Lobatschefski. Leipzig. B.G. Teubner. 1899, 
8vo. pp. 476. 

The name of Lobachévski is inseperably connected with a scientific 
advance so fundamental as actually to have changed the accepted conception of 
the universe. 


Yet his first published work and his greatest work have both remained | 


for over sixty years inaccessible, locked up in Russian, and are now for the first . 
never 


under 


time given to the world in this monumental volume by Professor Engel. 

As to the precise time at which Lobachévski shook himself free from 
Euclid’s two thousand years of authority there is still room for a most interest. 
ing doubt. 

The first of the two treatises given in this book, ‘‘On the Elements of Ge., 
ometry,’’ was published in 1829, with this note at the foot of the first page : 


‘*Extracted by the author himself from a paper which he read February 
12, 1826 in the meeting of the Section for physico-mathematic sciences, with the 


title ‘Exposition succincte des principes de la Géometrie etc.’ ”’ 


Again, when the four equations are reached which really contain the} 
no do 


essence of the non-Euclidean Geometry, Lobachévski subjoins this note: ‘‘The 


equations (17) and all that follows these the author had already appended to the f 


paper which he presented in 1826 to the Section for physico-mathematie 
sciences.”’ 

In the introduction to the second of the two treatises here given, the ‘‘New 
Elements of Geometry,’’ the author says, ‘‘Everyone knows, that in geometry 
the theory of parallels has remained, even to the present day, incomplete. 

‘‘The futility of the efforts which have been made since Euclid’s time dur- 
ing the lapse of two thousand years to perfect it awoke in me the suspicion that 


for whose verification, as with other natural laws, only experiments could serve, 
as for example, astronomic observations, 

‘‘When finally I had convinced myself of the correctness of my supposi- 
tion, and believed myself to have completely solved the difficult question, 
I wrote a paper on it in the year 1826: Exposition succincte des principes dels 
Géométrie, avec une démonstration rigowreuse du théoreme des paralleles, read 
February 12, 1826, in the séance of the physico-mathematic Faculty of the Uni 
versity of Kazan, but never printed.”’ 

No part of this French manuscript has ever been found. The latter hali 
of the title is ominous. 
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the theorem of parallels. We know that ihree years later Lobachévski himself 
proved it absolutely indemonstrable. Yet the paper said to contain material to 
stop forever this twenty-centuries-old striving still was headed ‘démonstration 
rigoureuse,’ just as Saccheri’s book of 1733 containing a coherent treatise on non- 
Euclidean geometry ended by one more pitiful proof of the parallel postulate. 

If Saccheri had lived three years longer and realized the pearl in his net, 

with the new meaning he could have retained his old title ‘Euclides ab omni 
naevo vindicatus,’ since the non-Euclidean geometry is a perfect vindication and 
explanation of Euclid. But Lobachévski’s title is made wholly indefensible. A 
new geometry founded on the contradictory opposite of the theorem of parallels 
and so praving every demonstration of that theorem fallacious, could not very 
- well pose under Lobachévski’s old title. Least said, soonest mended. He 
never tells what he meant by it, never tries to explain it. Yet Engel thinks that 
_ under this two-thousand-years stale title ‘‘avec une démonstration rigoureuse du 
théoréme des paralléles,”’ ‘‘Lobatschefskij sprach es klipp und klar aus, dass das 
Euklidische Parallelenaxiom niemals werde bewiesen werden koennen, weil es 
unbeweisbar sei.’’ 
At the international mathematical congress, 1893, I maintained in his 
' presence that Felix Klein was utterly in error where in his Nicht-Euklidische 
- Geometrie, I. p. 174, he says of the letter from Gauss to Bolyai Farkas, 1799, 
“In this last letter is particularly said, that in the hyperbolic geometry there is 
a maximum for triangle-area’’; aud again where he says, p. 175, ‘‘There can be 
_ nodoubt that Lobachévski as well as Bolyai owe to Gauss’s prompting the ini- 
tiative of their researches.’’ 

Klein’s only answer was that his position would be sustained when the 
the public got access to Gauss’s correspondence. Staeckel and Engel have now 
had complete access to these papers, and this is what Engel says, pp. 428, 9: 
| “But at all events in Gauss’s letters there is nowhere a support for this tradi- 
tion ; at no point of these letters can be found even the slightest intimation that 
Gauss connected the discoveries of Lobachévski and J. Bolyai with any direct or 
roundabout prompting from him. On the contrary the letters show (see p. 432 
 f,and Math. Ann. 49, p. 162, Briefwechsel G. B. p. 109), that Gauss throughout 
recognized the independence of both, exactly as he recognized that of Schweikart 
whose independence of Gauss is subject to no doubt. With Staeckel I am at one 
herein, that exactly this circumstance is particularly weighty for the decision of 
the whole question.”’ 

The whole scientific world will breath a sigh of relief that Klein’s Goettin- 
- gen legend, wounded in 1893, is in 1899.annihilated forever. More inexplicable 
_ is Klein’s misinterpretation of Gauss’s letter of 1799 to Bolyai Farkas. 

I gave this letter in my Bolyai as demonstrative evidence that in 1799 
Gauss was still trying to prove Euclid’s the only non-contradictory system 
of geometry, and also the system regnant in the external space of our physical 
experience, 

The first is false ; the second can never be proven. 
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Summing up this same letter, Engel, p. 379, instead of finding in it th 
hypothetical white elephant of Klein’s fairy tale, gives the utmost that can 
attributed to it in the fullowing sentence: ‘‘Hier ist er also ganz nahe daran, » 
der Richtigkeit der Geometrie, das heisst, des Euklidischen Parallelenaxion 
zweifelhaft zu werden.’’ 


Five years later, in a letter of November 25, 1804, Gauss speaks of, 


‘‘group of rocks’’ on which his attempts had always been wrecked, and adds, “ 
have indeed still ever the hope that those rocks sometime, and indeed before my 


death, will permit a passage. Meanwhile I have now so many other affairs 


hand, that at present I cannot think on it, and believe me, I shall heartily r. 
joice if you forestall me, and if you succeed in surmounting all obstacles,” 


minished in power since the year 1799 ; on the contrary, one gets the impression — 


that Gauss in 1804 rather stood more completely under its ban than before.” 
This was clearly the view of Bolyai Janos, whose autobiography, afte 
quoting Gauss’s letter of 1832, says: ‘‘In a previous letter Gauss writes: 
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‘Surely,’ says Engel, ‘‘that does not sound as if the authority of Euclid had di.| | 


Jénos, 


not har 


single ¢ 


He hopes sometime to be able to circumnavigate these rocks—so then he hopes!!” | 


‘‘These last words,’’ say Staeckel and Engel in the Mathematische Annalen,| 


‘‘show a certain suspicion on the part of John against Gauss.’’ But the mention 
of this earlier letter was highly natural. Jdnos had known of it from boyhood, 
The joy of his triumph in solving what had baffled all the world for two thousani 
years was intensified by his knowing that even Gauss had tried and was hoping 
the impossible. 

His splendid trumpet call of glory announcing his creation of a new uni: 


wers, that method and results coincide with his own meditations instituted in par 
since 30—35 years. But of these meditations Gauss had published neve 


a word! How natural then for Janos to refer to his previous letter where he} 


still was hoping to prove Euclid’s parallel postulate. 

The equally complete freedom of Lobachévski from the slightest idea that 
Gauss had ever meditated anything different from the rest of the world on the 
matter of parallels is demonstrated most happily. 


Bartels, the teacher of Lobachévski, never saw Gauss after 1807, received | 


at Kazan one letter from him in 1808, probably a mere friendly epistle contaio- 

ing nothing mathematical, and not another word during his entire stay there. 
But in November, 1808, Schumacher in Goettingen writes in his dairy 

that Gauss has reduced the theory of parallels to this, that if the accepted theory 


were not true there must be a constant a priori of length, ‘‘welches absurd ist.” | 


Yet that Gauss himself considers this work not yet completed. 
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Thus in 1808 Gauss still vacillates. The proposition about the a prion | 


given unit for length is due to Lambert 1766, and on the supposed absurdity 
Legendre in 1794 had founded a pseudo-proof of the parallel postulate. 

Thus until after 1808 Gauss had made no advance beyond the ordinary 
text-books. 
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A most fortunate piece of personal testimony from the distinguished 
astronomer Otto Struve finishes the whole matter. 

When at Dorpat in 1835 and 1836 Struve was attending his lectures, Bar- 
tels repeatedly spoke of Lobachévski as one of his first and most gifted scholars 


in Kazan. Lobachévski had then already sent his first works on non-Euclidean 


| geometry to Bartels, but, as Struve writes, Bartels looked upon these works ‘‘more 


as interesting, ingenious speculations, than as a work advancing science.’’ Struve 
adds, he does not recall that Bartels ever spoke of any accordant ideas of Gauss. 

Such misconception of the import of non-Euclidean geometry was due in 
part to that lack of grit or slip in judgment which let Lobachévski damn this 


- child of his genius with the name ‘‘Imaginary Geometry.”’ 


If Lobachévski had possessed the magnificent Magyar mettle of Bolyai 
Jénos, and dared to name his creation the Science Absolute of Space, he would 


not have taught mathematics with ability throughout his life without making a 


single disciple. 

His New Elements of Geometry, here at last made accessible to the world, 
jssuch a masterpriece that it remains to-day the completest and most satisfactory 
text book of non-Euclidean geometry. Written at the flood of hope and confi- 


' dence, with ardor still undampened, it is in his ‘New Elements’ preéminently 
.| that the great Russian allows free expression to his profound philosophic insight, 


which on the one hand shatters forever Kant’s doctrine of our absolute a priori 


_ knowledge of all fundamental spatial properties, while on the other hand empha- 


' siting the essential relativity of space, and the element of human construction, 


human creation in it. 


Lobachévski’s position ‘is still after sixty years the necessary philosophy 
for science. No one has succeeded in finding any escape from its cogency. No 
one has gone beyond it. 

Our hereditary geometry, the Euclidean, is underivable from real exper- 


 ience alone, and can never be proved by experience. Not only can the truth or 


- falsity of Euclid’s parallel postulate never be proved a priori ; not even a poste- 
_ riort can ever its truth be proved. 


Therefore Euclidean geometry, in so far as Euclidean, must ever remain a 


creation of the human mind. 


The introduction to the New Elements contains a piercing critique of Le- 


 gendre’s attempts on the parallel postulate. Here at times Lobachévski almost 
_condescends to be humorous. For example, he says: ‘‘Although Legendre des- 


ignates his demonstration as completely rigorous, he without doubt thought 
otherwise, for he adds the proviso, that a difficulty which one would perhaps 


till find can always be removed. For this, he has recourse to calculations 


nary 


founded on the first familiar equations of rectilinear trigonometry, which 


it would be necessary previously to establish, and which just in this case are use- 
less and lead to no result.’’ 

Here for the word Trigonometry in the Russian of the Collected Works, p. 
222, Engel has substituted, p. 70, by some slip, the word geometry. Further on 
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Lobachévski continues: ‘‘but Legendre has not noticed here, that EF’ may pos. f 
sibly not meet AC. To overcome this little difficulty, you have only to suppos f 


that EF is the perpendicular from F on BD; but then how can we ccnclud 
therefrom that FE=AB and the angle EFC=47? It is not possible to mend 
the false deduction, wherein Legendre’s inadvertence was so gross that without 
remarking this grave error, he considered his demonstration as very simple and 
perfectly rigorous.”’ 

Now for a specimen of Lobachévski’s philosophizing. ‘‘Strictly we cog. 
nize in nature only motion, without which sense-impressions are not possible, 
Consequently all other ideas, for example, geometric, are artificial products of 
our mind, since they are taken from the properties of motion ; and therefore space 
in itself, for itself alone, for us does not exist. Accordingly it can have nothing 
contradictory for our mind, if we admit that some forces in nature follow the one, 
others another special geometry. 

To illustrate this thought, assume, as many believe, that the attractive 
forces diminish because their action spreads on,a sphere. In the ordinary 
geometry we find 47r? as magnitude of a sphere of radius r, whence the force 
must diminish in the squared ratio of the distance. . 

In the imaginary (sic) geometry I have found the surface of the sphere 
equal to 2(e’—e-")*, and possibly such a geometry the molecular forces may fol. 
low, whose whole diversity would depend, consequently, on the number ¢, al 
ways very great.”’ 

How far Lobochévski was not only from Riemann’s geometry, with closed 
finite straight line, but also from the perspective point of view where the straight 
is closed by having only one point at infinity, is illustrated by the following sen- 
tences of the introduction: ‘‘I consider it not necessary to analyze in detail other 
assumptions, too artificial or too arbitrary. Only one of them yet merits some 
attention ; the passing over of the circle into a straight line. However, the fault 
is here visible beforehand in the violation of continuity, when a curve which does 
not cease to be closed howsoever great it may be, transforms itse!f directly into 
the infinite straight, losing in this way an essential property. In this regard the 
imaginary geometry fills in the interval much better, In it if we increase a cir. 
cle all of whose diameters come together at a point, we finally attain to a line 
such that its normals approach each other indefinitely, even though they can no 
longer cut one another. This property, however, does not appertain to the 
straight but tv the curve which in my paper ‘‘On the Elements of Geometry” | 
have designated as circle-limit.’’ 

Lobachévski anticipated in 1835 all that was said not long ago in the col- 
umns of Science on the length of a curve. For example: ‘In fact, however lit 
tle may be the parts of a curve, they do not cease to be curves ; consequently 
they can never be measured by the aid of a straight. Lagrange takes as founde- 
tion the assumption of Archimedes that on a curve one can always take two 
points so near that the arc between them may be considered greater than 
its chord but smaller than the two tangents from its extremities. Such an as 
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' sumption is actually necessary, but by it is destroyed the primitive idea of meas- 
uring curve'with straights. 


Thus the evaluation of the length of a curve represents not at all the rec- 
tification of the curvature ; but it seeks a wholly different aim : the finding of a 
limit which the actual measure would approach the more as this measure was 
made the more exact. But measuring is considered more exact the smaller the 
links of the chain employed. This is why in geometry one must show that the 
sum of tangents decreases while the sum of chords increases until the two sums 
differ indefinitely little from the limit both approach, which geometry assumes 
as length of the curve.”’ 

In the splendid treatise which follows this interesting introduction 
Lobachévski has given a complete coherent development and exposition of the 
non-Euclidean geometry. 

Until I visited Maros-Vasarhely it was not known that Bolyai Janos had 
actually commenced and made remarkable progress in an even greater, more 
masterful treatment of the whole matter. 

From the mass of John’s papers tumbled in a big chest, I singled out es- 
pecially a manuscript in German entitled *‘Raumlehre,’’ and on pointing out to 
Professor Beddhazi Janos some of the striking passages in it, he promised 
its publication. 

In Science for September 24, 1897, I mentioned these treasures as ‘‘ex- 
tended researches anficipating the discoveries of Cayley and Klein.’”’ Engel 
now says of them, p. 393: ‘J. Bolyai had also commenced to work out a great 
and consecutive presentation of geometry, but what he had written down 
remained entombed in his papers and has never been published. Staeekel will 
before long make generally accessible so much of it as is suitable for publication, 
and it will then appear, that J. Bolyai in his exposition set to work according to 
principles similar to those Lobachévski actually followed.’’ But though 
Lobachévski has given his complete message to the ages, yet is perceptible a 
touch more masterful in even the brief two dozen pages of the young Magyar. 

Through a given point to draw a parallel to a given straight ; to draw to 
one side of an acute angle the perpendicular parallel to the other side; to square 
the circle ; these problems would be sought in vain in the two quarto volumes of 
Lobachévski: 

Bolyai Janos gives solutions of them startling in their elegance. For ex- 
ample, (Halsted’s Bolyai, §34), ‘‘Through D we may draw DM parallel to AN 
in the following manner. From D drop DB perpendicular to AN; from any 
point A of the straight AB erect 4C perpendicular to AN (in DBA), and let fall 
DC perpendicular to AC. A quadrant described from the center A in BAC, with 
aradius=DC, will have a point B or O in common with ray BD. In the first 
case the angle of parallelism manifestly is right ; but in the second case it equals 
AOB. If therefore we make KDM=AOB, then DM will be parallel to BN.” 

About 100 pages of Engel’s book are devoted to a life of Lobachévski, vet 
no word is said of his wife, his children, his family life, his home fortunes and 
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misfortunes, nor is mentioned the biography by E. F. Letvenov (St. Petersbuy ll. 
1894, p. 79) containing romantic pictures of these eternal interests. weg 
Austin, Texas. 
Solu’ 
ELMER S( 
DEPARTMENTS. 1.0772. 
Also 
SOLUTIONS OF PROBLEMS. 
ARITHMETIC. 
93. 
110. Proposed by F. P. MATZ, M. Se., Ph. D., Professor of Mathematics and Astronomy, Irving Collep, ( 
Mechanicsburg, Pa. 
By measuring with a yard m=123% too short, my profits are n=25% of my sales, If ) a 
my yard be p=10% too long, what per cent. of my sales will be my profits ? | 
I. Solution by J. K. ELLWOOD, A. M., Principal of Colfax School; Pittsburg, Pa., and B. F. SINE, Princip) and fac 
of Capon Bridge Normal School, Capon Bridge, W. Va. 
(1—m) yards cost of sale price. 
1 
1— m* 4(1—m)’ and thi 
3(1+p) 3x1.10_ , rand z 
1 of sales, the profit. 
II. Solution by JOHN F. TRAVIS, Student in Ohio State University, Columbus, Ohio. | 
1, 100%=the sales. Then 
2. 75%==cost price of the part sold in terms of the selling price. 
1. 100%=correct length of a yard. 
2. 874%=length used. ) 
3. 874%=75% the cost of this part in terms of its selling price. 
3. _ 75 
4. 1% = 371 of and 
5. 100% times =858 %. 
.’. The cost of the part sold in terms of its selling price, is 85¢%. 


2. of 85§ =—.859%, and 
3. 10%=10 times .85§ %4—8.55%. 
5. 859$%+8.55%=—94.28%, cost of a yard in terms of its selling price, 
when the measure is 10% too long. 
6. 100%—94.24%—53% gain. 
.". In the latter case my gain will be 5§% of the selling price. 
Also solved by COOPER D. SCHMITT, ALOIS F. KOVARIK, and R, H. PHILBRICKE. 


1. 100% =855%. 


= 
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bury 111. Proposed by F. P. MATZ, D. Se., Ph. D., Professor of Mathematics and Astronomy, Irving College, Me- 
ehaniesburg, Pa. 
By what per cent. of its original dimensions must a linear yard of steel rail, weighing 
60 pounds, be increased so that it may weigh 75 pounds? 
Solution by P. H. PHILBRICK, C. E., Lake Charles, La.; SYLVESTER ROBINS, North Branch, N. J., and 
BLMER SCHUYLER, Annapolis, Md. 
The dimensions of the enlarged rail would be (j3)! = (4°)! —2-1g44— 
1.0772 times those of the original rail, or an increase of 7.72 per cent. 
Also solved by G. B. M. ZERR, B. F. SINE, and J. F. TRAVIS. 


ALGEBRA. 


93. Proposed by ELMER SCHUYLER, High Bridge, N. J. 
allegy, Given —yz=1 ; ; Find y, and z. 


. It I. Solution by C. HORNUNG, A. M.. Professor of Mathematics, Heidelberg University, Tiffin, 0. 
Subtracting the first equation from the second, the second from the third, 


1 
and r+y+z= 


nei | and factoring, we get r+y+z—= = , respectively ; whence 


r+z 

and third z? —2*==4 and from the second (x—z)*==8. From these two equations 
zare easily found to be and 2, respectively ; whence y=+}//2. 


Substituting this value of y in the equations we get from the first 


Il. Solution by R. E. GAINES. A. M., Professor of Mathematics, Richmond College, Richmond, Va. 
Squaring the first and subtracting the product of the other two, we have 


+y3 +25 —3ryz)=— 
Similarly, y(z*+y3 +23 —3ryz)=1. 
+-y3 +23 —3ryz)=7. 


ic, = 4472. 
{See Charles Smith’s Treatise on Algebra, page 167). 


III. Solution by A. H. BELL, Hillsboro, Ill., and J. SCHEFFER, A. M., Hagerstown, Md. 


ree, (4)? —(xy+22+- yz)? — 12(ry+22+-yz)=36...... (5). 
(1)? +(8)*, (2? +y? (6). 
(6)—(5), 


3X(7)+(4), (2t+y+z)*=4 or (8). 
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2x (7)+(4), +y? +22 (9). 
(1)—(2)—(8), 2? —y® (10). 
1 
(9)+(10), 2(2+y+2)=— § by (8) c= F§//2...... (11). Daiver 
(2)—(1)—(3)+(9) ete., y=+4,/2...... (12). 
(3)—(1) —(2)+(9) ete., (18). =CA 
IV. Solution by G. I. HOPKINS, Manchester, H. 
- Subtract (1) from (2) and (3). the t 
y® 
(5). 
Factoring (6). a, b, 
+s oppo 
(z—x)(2+a+y)=2...... (7). Whence y= 
Substituting in (1) and (3) and letting z=vz, 
2 6 
Whence v=1 or —}..... (9). 
For v=1, leads to indeterminate results. — 


For v=—j, r= +$/2, y= 2, 2= 


V. Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 


Let y=az, z—=be. 


--abr*=1, —br* =2, b?x* —az*=3. 


—b) =8(b? —a). 
a? —b=2—2ab, —a=3—Bab. 
b=(a*—2)/(1—2a). 
-, Bat -at—5a—1=0. 
(5a4+1)(a8—1)=0. 
. The second and third values of a and b give s=y=z=oo and are therefore 
= not admissible. 
a=—}, b=—{, give y= 2= 


a Also solved by P. 8S. BERG, J. M. BOORMAN, W. H. DRANE, ALOIS F. KOVARIK, CHARLES E. 
is MEYERS, H. N. HERRICK, NELSON L. RORAY, E. D. SCALES, and the PROPOSER. 
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GEOMETRY. 


112. Proposed by WILLIAM HOOVER, A. M., Ph. D., Professor of Mathematics and Astronomy, Ohio State 
University, Athens, Ohio. 


The tangent planes at A, B, C, D to the sphere circumscribing the tetrahedron 
ABCD form a tetrahedron abcd ; prove that Aa, Bb, Cc, Dd will meet in a point if BC.AD 
=CA.BD=AB.CD. 

I. Solution by the PROPOSER. 


Using tetrahedral codrdinates, the equation to the sphere circumscribing 
the tetrahedron of reference is 


a, b, ¢ being the sides of the base of the tetrahedron, and a’, b’, c’ the edges 
opposite. 


The polar plane of A (1, 0, 0, 0) is c*?#+b?y+a’28=0...... (2), 
of B, (3), 
of C, ....(4), 
and of D, a’*a+b’*s+c'*y—0...... (5). 
Now assuming, for simplicity, aa’=bb’==cc’...... (6), and calling the ver- 


tices of the tetrahedron opposite (2), (3), (4), (5), a, 6, c, d, we have for the co- 
ordinates of a, 


2Qata’? 2ata’? 
b4 b’? a®b*c? 


Then the equation to the line Aa is 


l—a 3 


Similarly, the equations to Bb, Cc, Dd, are, respectively, 


(11), (12), (18), (14) are concurrent. 
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II. Solution by B. F. YANNEY, A. M., Prof of Mathematics in Mount Union College, Alliance, 0. 

Let ABCD be the tetrahedron: about which is circumscribed the Sphere: 
and abcd the tetrahedron formed by planes tangent respectively at A, B, C, an 
D. Given, also, that BC.AD=CA.RD=AB.CD. 

To prove that Aa, Bb, Cc, Dd meet in a point, as 
at O. 

The points c, D, C, and d are in the same plane. 
For D and C have their respective distances from ‘the 
planes cbd and cad in the same ratio, viz: AD*/AC® and 
BD*/BC®*, which are equal, since by hypothesis BC.AD 
=AC.BD. 

That first part of preceding statement is true is 
evident from the fact that if diameters are supposed to be drawn from A and } 
respectively, the respective projections upon these diameters of the chords A). 
AC, and BD, BC, havethe same ratios respectively as the squares of the chords: 
and the projections equal the distances respectively from the points D and Cp 
the planes. 

Similarly, co-plainarare the points c, B, C,b; b, A, B,a; and a, D. 

Therefore, Dd and Ce intersect ; so, also, Dd and Bb, and Cc and Bo, 


118. Proposed by T. W. PALMER, Professor of Mathematics, University of Alabama. 


Given three concentric circles. Draw a straight line from the inner to the oute 
circumference that shall be bisected by the middle circumference. 


I. Solution by C. HORNUNG, A. M., Professor of Mathematics, Heidelberg University, Tiffin, 0., andJ.¢. 
GREGG, A. M., Superintendent of Schools, Brazil, Ind. 


Let C be the common center and CP the radius of 
the inner circle, and CQ that of the outer circle. 
Bisect CP at M and with one-half of CQ as radius 
and M as center describe a circle cutting the middle cir- 
cumference at O or O’. Draw PO and produce to the 
outer circumference at Q. Then POQ is the required 
line. For, PM=MC and MO=3iCQ, .:. PO=OQ. 
According as sradius of outer circle is greater than, 
equal to, or less than the radius of the middle circle increased by radius of ip 
ner circle, there are two solutions, one solution, or no solution. 


Il. Solution by M. A. GRUBER, A. M., War Department, Washington. D. C.; J. SCHEFFER, A. M.. Hager 
town, Md.; COOPER D. SCHMITT, A. M., Professor of Mathematics, University of Tennessee, Knoxville, Tenn! 
C. NAGLE, C. E., Professor of Civil Engineering, Agricultural and Mechanical College of Texas, College Stata 
Tex.; CHAS. C. CROSS, Libertytown, Md.; J. 0. MAHONEY, B. E., M. Sc., Teacher of Mathematics and Science? 
Carthage High School, Carthage, Tex., and the PROPOSER. 


Let O be the center of the circles, and A any point on the inner circum 
ference. With O as a center and a radius=2 times the radius of the middle cir 
cle, and with A as a center and a radius=the radius of the outer circle, describ 
two arcs intersecting at D. Draw OD intersecting middle circumference at 3 
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Through A and B draw AC intersecting outer circumference at C. Then AB= 
BC, and AC is the required line. 
Proor. OB=BD, OC=AD, and / OBC= Z ABD. 
AOBC=AABD. AB=BC. Also, OADC 
isa parallelogram, of which the diagonals OD and AC 
bisect each other at B. 
CorotiaRyY 1. Put a, b, and c=the respective 
radii of the three concentric circles, taking a<b<ce, and 
put 2d=line AC. Then, from the relation of the diag- 
onals to the sides of a parallelogram, 
2d=// (2c? +2a* — 4b*). GRUBER. 
CoroLLary 2. The problem is possible only for c—b—=b—a to c—b=b+ 
a, or for 2b—=c+a to 2b==c—a. Whence the limits of 2d are c—a and c+a, the 
parallelogram in either case reducing to a straight line. GRUBER. 
CoroLLaRY 8. The point D is without the outer circle for 2b>c. When 
2b=e, D lies in the outer circumference. When 2b<c, D lies within the outer 
circle. GRUBER. 
CoroLttarRy 4. When 2b>)/(¢?+3a?*), 2d lies wholly without the inner 
circle. When 2b=)/(c?+3a?, 2d is tangent to the inner circumference. When 
2b<j/(c?+3a?*), 2d is a secant of the inner circle. GRUBER. 


Also solved by G. B. M. ZERR, J. W. YOUNG. GEORGE R. DEAN, B. F. YANNEY, B. F. SINE, 
WALTER H. DRANE; and WM. K. NORTON. 


CALCULUS. 
88. Proposed by JOHN M. ARNOLD, Crompton, B. I. 


When a watch is wound up, the mainspring is closely coiled around a cylindrical 
piece called the hub of the barrel-arbor. When entirely run down the spring forms an an- 
nulus against the inner circumference of the barrel. Show that if the width of the annulus 
isa little more than one-fourth of the radius of the barrel, the spring will run the watch 
the greatest number of hours at one winding, the diameter of the hub being one-third the 
inside diameter of the barrel. 


IL. Solution by the PROPOSER. 


Let R=radius of the barrel, r==radius of the hub, t=thickness of spring, 
z=width of the annulus when run down, y=width of the annulus when wound 
up, w=number of turns required to wind the spring. 

Then z/t=number of coils of the spring when run down, and y/t=num- 
ber of coils when wound up. 

Hence u=y/t—2/t 

It is evident that the area on the bottom of the barrel covered by the spring 
will be the same in the wound or unwound condition. 

Hence x, 

Reducing 2Rx—2z* =2ry+y? (2). 

From (1) and (2), tu=+)/[2Rr—2* +r*]—r—z. 
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Differentiating and equating to zero, 


du R-z weig 


Reducing, 2x*—4Rz=r*—R?. 
R2+r? 
Whence ( 3 


Making r=}R, and taking the minus sign, z=R(1—)/$). 
2=.25464R, or a little more than one-fourth of the radius. 


II. Solution by HENRY HEATON, M. Sc., Atlantic, Ia. 

To secure the greatest result, the area occupied by the spring when wound 
or unwound must be one-half that between the hub and the inner circumference 
of the barrel. This area is §r*2, and the area occupied by the hub and spring 
when the latter is wound, is §r*z. Hence the radius of the circumference lying 
within annulus is 5=.745r. 

.r—r'=.254r, 


III. Solution by P. H. PHILBRICK, C. E., Lake Charles, La. 

Let a=area of the cross-section of the barrel; then (})*a=ja=the ares 
of the cross-section of the hub; §a=area around the hub, and {a=one-half of 
that area ; §a==area of cross-section of hub and spring. 

Hence both hub and spring occupy )/ §=.7454 of the radius of the barrel, 
and the unwound spring occupies 1—.7454==.2546 of that radius. 


MECHANICS. 


81. Proposed by JAMES S. STEVENS, Professor of Physics, The University of Maine, Orono, Me. 

Two iron spheres whose weights are a and b, and a is greater than b, are | displ 
suspended over a frictionless pulley so that they move in‘a liquid medium of | heavi 
density 5. Assume that the density of the iron is §’, what would be the spaces | _liquic 
passed over (downward by a and upward by b) in the first four seconds, if the | tle hb 
spheres start from rest ? 


1. ‘Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa, 


Let m=the mass=(a—b)/g (1). 
=the velocity at time t, Ru*=resistance. The resistance is the sum of 
_ the resistances for both spheres. 


¥[86a* 
493 

[36b? 298’ 

498’ 


Let A=the greatest cross-section of a = 


Let B=the greatest cross-section of b 
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2 
From Rankine, Rv* TA +B) where k=0.51 for the sphere, e-=the 
weight of unit of fluid—gé. 


893’ 


Equation of motion is, m(dv/dt)-=mg—Rv*. 


lope eR) Let n=y'(gR/m).. 


(1),’(2), (8) in (4) gives the result required. 
Let 9=82.16, 6=1, 6’=7.8, a=40 lbs., b==7.84 Ibs, 
*,m=1, R=.1212, n=1.974. 


7.896 7.896 
) 8 }1og,(1343. 3184). 
x=60.0233 feet. 


Il. Solution by WALTER H. DRANE, Graduate Student, Harvard University, Cambridge, Mass. 

Let T be the tension of the string. 

The mass of the liquid displaced by the heavier body is ad/gd’, of. that 
displaced by the lighter body is bd/gd’ ; measuring distances downward for the 
heavier body and upward for the lighter body, assuming that resistance of the 
liquid to motion varies as the square of the velocity, the equations of motion for 
tlte heavier-and the lighter body are respectively : 


a? ad 


d* (a—b)(d'g—d 


By integration twice : 


| 
at 
| 
ing 
of 
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(a—b)(d'g—d) 


2 


(a+b)d’ 


a—b)(d'g—d) 
(a+b)d’ 


logt(coshpt) where p= 


For four seconds, log(cosh4p). 


[See Bowser’s Analytic Mechanics, page 314, ex. 5, where v=0 and d=0, 
of equation (3) above.] 
Also solved by ELMER SCHUYLER. 


AVERAGE AND PROBABILITY. 
61. Proposed by COL. CLARKE. 


A cube being cut at random by a plane, what is the chance that the section is a her- 
agon? [Erom Williamson’s Integeal Calculus.] 


Solution by LEWIS NEIKIRK, Graduate Student, University of Colorado, Boulder, Col. 

I. PRELIMINARY INVESTIGATION. 

Let S, the random section, be determined by the codrdinutes p, @, and 0, 
6 being the angle between p and its projection on ACFG and @ the angle between 
AC and the projection of p. Let P be the point of intersection of p and S. Al. 
80 let p increase from zero for pg and O<4z, S, starting 
with three sides at A, gains three more, one at each of 
the corners C, G, and H ; and loses three, one at each of 
the corners B, E, and F. and 6 determine the order 
in which these gains and losses shall occur, and plainly 
S can be hexagonal only when the first loss is antedated 
by all three gains. 

For p in the diagonal AD (g=t7z, 0=cot—1//2), 
the three gains are simultaneous and are followed by 
three simultaneous losses. For p as an element of the area DAF (p=, 6< 
cot—';/2), one gain at H is followed by two more at ( and G ; then two losses at 
B and E, followed by one loss at F. For p as an element of the areas DAE and 
DAB (p<ia and é=tan—cosp, and p>tz and 6=tan—'sing) there is a like 
sequence of gains and losses. So far it has been easy to enumerate the exact 
order in which all the gains and losses occur. 

For p within the solid angle A—DECF (p<tzand @<tan—'cos@) the first 
loss occurs at B, and the last gain at C; the order and place of the remaining 
gains and losses would be difficult to enumerate and is in any event immaterial 
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tothe solution. A similar enumeration and statement to the angles A—DBGF 
and A—DBHE. Evidently, then, our attention may be confined to any one of 
these angles, say A—DECF. 

II. 

As p increases within the solid angle A—DECF (g<tz and 6<tan~'cosg), 
S, starting at A with three sides, gains two sides successively at G and H, the 
order being immaterial ; then for some values of g and 4 it will gain a third side 
at C before losing the first one at B; for other values this loss at B will andedate 
the third gain at C; in fact it may antedate the second of the two gains at G or 
H. For certain values of pg and 6 between these extremes, this first loss and 
final gain will concur. In this last case p is an element of the area FEAF (p<tz 
and 6=tan—[cosp—sing]) ; for this area is plainly perpendicular to BC, and 
must therefore contain p when S reaches B and C simultaneously. 

The number of cases which have the codrdinates p, py, and 6 are dpdw= 
cosbdpdédg, where is a solid angle with its vertex at A. The integration of 
p for the favorable cases extends from p, to p,, where p, is the value of p when 
S reaches C, and p, is the value of p when S reaches B. The integration of 0 
extends from the plane EAF to the plane DAE, and the integration of g from 0 
totz. The above limits may be calculated from the following spherical trian- 
gles in which the primed letters refer to points on a unit sphere, center at A, 
corresponding to points with unprimed letters in the figure. 

It the right spherical triangle P’C’F’, P’C’=¢,, F'C’=g, P’F’=6, and 
LP’FC’=90°. Then p,=acos¢,=acosAcosg, where a is an edge of the cube. 

In the spherical triangle B’P’H', B’F’=45°, B’P’=¢,, and 
Then p,=ay/2cos¢,, cosy, 

In the right spherical triangle F’P’C’ right angled at C’, P’C’—6,, F’C’= 
45°—g. and Z P’F’C’=cot-(1/)/2). 

Then tan4, sin(45° — p)=cosp—sing. Then 4, =tan—(cosp—sing). 

In the right spherical triangle P’H’E’ right angled at E’, H’ E’=45°, P’H’ 
=90°—4@,, and P’H'E’=g. Then tan#,=cosg, 4,=tan—'cosg. 

All the favorable cases 


F=12 tan—! 44/3— 1/2 4/2). 
frees pdidp=12a()/3 tan 44/3— 7/2 44/2) 


The integration for the total number of cases extends for p from 0 to p’, 
where p’ is the value of p when S reaches D; for 4, from 0 to $7, and for g from 
0 to $7. 

In the spherical triangles D'AP’ and D'AF’, D'A=¢", P’A=8@, D'P’=8, 
LD'AP’=a, F A=(45°—¢:p), F’D'=tan-\(1/;/2), Z D’F’A=90, and D'AP'= 
(90°— a). 

Then cosy’==)/% cos(45°— p)=(1/)/3)(cosp+sing), sin(45—¢) 
=cosp—sing, 
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p=ay/3 cosf==az/3 


The total number of cases is 


Therefore the probability is P=E/T=4/2(//3 })/3—)/2 tan— 4/2). 


Nors.—I wish to acknowledge my indebtedness to Professor DeLong and Mr. Frank Giffin for look. 
ing over this solution and making valuable suggestions. 


MISCELLANEOUS. te 
70. Proposed by WALTER H. DRANE, Graduate Student, Harvard University, Cambridge, Mass. 
Chi 
—ly— 
Prove tau—z= and thence that 7=(2/1)log(‘). 
1 
I. Solution by GUY B. COLLIER and HAROLD C. FISKE, Class 1901, Union College, Schenectady, N. Y., ‘ 
and the PROPOSER. 
Consider the integral, 
dz 
(1) 
Integrate the left member by partial fractions 
*, From (1) and (2), 
1 
-ly 
tan—¢ = log 
When 2=1 this becomes 
m=(2/i)log(—i), it should have been. 
ee Il. Solution by R. E. GAINES, A. M., Professor of Mathematies, Richmond College, Richmond, Va. 


ae We have the identity 


Se 
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But ten ate. .*. tan lo og (3 
Making z=0, it is seen that no constant need be added. 
Now making z=1, we have 


Or we may obtain this from the equation e#=cosé+isin# by putting = 
}z and taking logarithm of both sides. 

(The proposer of this problem seems to have neglected the matter of de- 
termining the constant and so has the sign under the logarithm wrong.) 


Ill. .Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 


= 1/%. =] /% . When t=//(—1). 


dx /2i. [(2+i)—(x—1)] (2+ 


( log =). 


Letz=1. .*. tx=(1/2t)log 


1-7 
=(1/2i)log(—1). w=(2/4)log(—7). 


IV. rqondng 0. MAHONEY, B. E., M. Sc., Master of Mathematics and Science, Carthage Graded and 
High School, Carthage, Texas. 


Let (1), and y—iz=re-#,..... (2). 

Then +y?, tana=z/y. 

From (1) and (2), log(y+#ix) or 
og (y/t) +2 


or a iY) 


Put y=1, then (1/2t)log =tan—2. 


If z=0, then tan—0—2=(1/2i)log(—i/i), or 


V. Solution by J. SCHEFFER, A. M., Hagerstown, Md. 
Putting in log(a+bi), a=pcos¢, b=psing ,....(1). 
Whence p=(a*+5*)! ..... (2), d=tan—-(b/a) ..... (3). 


| | 
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We have log(a+bi)=logp+log(cos¢+sin¢)/ 
==loge+¢// —1=dlog(a* +b? )+itan—"(b/a). 
*, dlog(a* +5*)] 


b bi bi 
=(1/+) =(1/2i) log =(1/2i) log Sebo 
the | 
sina* +b*=—(a+bi)(a—bi). tim 


Putting now b=z, a=1, we have 


tan—4==(1/27) log;+ 


or multiplying numerator and denominator of the fraction under the logarithmic 
function by i, we have 


an—!z—=(1/2%) log: 
(i—1)® 
w==(2/i)logi. 
Norg.—There is a slight error in the statement, since z—i should be i—z. ats 


Putting we have 


VI. Solution by COOPER D. SCHMITT, A.M., Professor of Mathematics, University of Tennessee, Knoxville, 
Tenn., and ELMER SCHUYLER, High Bridge, N. J. 


From trigonometry we have the formula 
(a? +3?) +itan-"(3/a). 
Let a=z, 8=—1, and we have 
1/2). 
Let a=2, 8=1, and we have 
log(x+7)=logy/ (x? +1)+itan—"(1/z). 
Subtracting, we have 


log itan- ( (728) ) 
=ttan— 2itan—'z. 
l—z (Fr 
Now let z=1, and we have 
log =logi, or im=2logi, 7=(2/i)logi. 
elli 


Or further, iv=logi?=log(—1), or 
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PROBLEMS FOR SOLUTION. 


ARITHMETIC. 


116. Proposed by J.0. MAHONEY, B.E., M. Sc., Professor of Mathematics and Science, Cooper Training 
School, Carthage, Tex. 

Two candles are of the same length. The one is consumed uniformly in 4 hours, and 
the other in 5 hours. If the candles are lighted at the same time, when will one be three 
times as long as the other ? 


117. Proposed by MARCUS BAKER, U.S. Coast and Geodetic Survey, 1906 Sixteenth St.,Washington, D.C. 

A landed man two daughters had, 
And both were very fair; 

He gave to each a piece of land, 
One round the other square. 

At twenty shillings an acre, just, 
Each piece its value had; 

The shillings that did compass each, 
For it exactly paid. 

If cross a shilling be an inch, 
(As itis, very near), 

Which had the larger portion, she 
That had the round or square? 


Also, how many acres did each receive ? 
[Does any one know the history of this problem ?] 


ss Solutions of these problems should be sent to B. F. Finkel not later than Sept. 10. 


ALGEBRA. 


105. Proposed by CHARLES E. MYERS, Canton, Ohio. 
Solve for z the following: alog(«t")-—mlog¢m). 


106. Proposed by ELMER SCHUYLER, High Bridge, N. J. 


ate Solutions of these problems should be sent to J. M. Colaw not later than Sept. 10. 


GEOMETRY. 


124. Proposed by B. F. FINKEL, A. M., M. Sc., Professor of Mathematics, Drury College, Springfield, Mo. 
Every conic that passes through all the foci of a conic is a rectangular hyperbola. 
(From Charlotte A Scott’s Modern Analytical Geometry.] 
125. Proposed by J. SHEFFER, A. M., Hagerstown, Md. 
To find the locus of a point on the surface of an ellipsoid which has the property that 


the tangent plane at that point is at the given distance, f, from the center of the 
ellipsoid. 


a*s Solutions of these problems should be sent to B. F. Finkel not later than Sept. 10. 
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CALCULUS. 


95. Proposed by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 


A ship starts at the equator and sails northeast at all times. How far has the ship 
sailed (in miles) when her latitude is 30°, 45°, 60°, 90° ?, How far when her longitude ig 
90°, 180°, 270°, 360°? Regarding the earth as a sphere, radius 3956 miles. 


96. Proposed by W. H. CARTER, Vice President and Professor of Mathematics, Centenary College, Jackson, 


If f(x) =f fzydz, find f(x), the constant being zero. 
»*, Solutions of these problems should be sent to J. M. Colaw not later than Sept, 10. 


MECHANICS: 


93. Proposed by WALTER H. DRANE, Graduate Student, Harvard University. 
A small rope, which is passed over a smooth pulley, has attached at one end a weight 
of twenty pounds and at the other end hangs a monkey, also weighing twenty pounds. Is * 
it possible for the monkey to climb to the pulley, and if so, what will happen to the 
weight ? 
94. Proposed by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 
In a parallelogram ABCD, 2 D=-3, AB=a, BU=b, the principal moments 
of inertia at the centroid are (;m)[a* +b? + )/(a4*+b4 +2a?b*cos2)] and the 


principal axes at the same point make with the side CD an angle 4 given by de 
b*sin2,3 Ge 
tan24 = =. 
a? +b? cos23 
95. Proposed by FLORIAN CAJORI. Ph. D., Author of History of Mathematics, History of Physics, etc., and f 
Professor of Mathematics, Colorado College, Colorado Springs, Colorado. PO 


Assuming that the velocity is proportional to the distance described from the state 
of rest, (1) can the body start in motion? (2) If it can, what is its initial acceleration? 
If we make the additional assumption that the time of fall, from rest, through a finite dis- : 
tance is finite, does it follow that the velocity is infinite ? cle 

96. Proposed by GEORGE R. DEAN, Professor of Mathematics, University of Missouri School of Mines and 
Metallurgy, Rolla, Mo. 

Two particles, subject to their mutual attraction and that of a fixed center, move in res 

a plane containing the center. Find the motion under the law of the inverse square. pra 


#*, Solutions of these problems should be sent to B. F. Finkel not later than Sept. 10. ~ 
DIOPHANTINE ANALYSIS. 
do 
81. Proposed by A. H. BELL, Hillsboro, Il. wh 
Given 2x*—47y?=—29. To find four integral values for x and y. 81 
82. Proposed by J. H. DRUMMOND, LL..D., Portland, Me. ‘ 
In the series 13+33+5'...... find n sothat the nth term and the sumof ay 
n terms shall both be squares. tot 


x* Solutions of these problems should be sent to J. M. Colaw not later than Sept. 10. ini 
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AVERAGE AND PROBABILITY. 


77. Proposed by J. 0. MAHONEY, B. E., M. Sc., Professor of Mathematics and Science, Cooper Training 
School, Carthage, Tex.; and ELMER SCHUYLER, Annapolis, Md. 

A and B are two inaccurate arithmeticians whose chance of solving a given question 
correctly is 1/8 and 1/12 respectively ; if they obtain the same result, and if it is 1000 to 1 
against their making the same mistake, find the chance that the result is correct. [From 
Hall and Knight’s Algebra.) 


78. Proposed by CHAS. E. MYERS, Canton, 0. 


Two witnesses, A and B, both make the statement that an event happened in a par- 
ticular way (two ways being possible). Find the probability of the truth of the statement. 


79. Proposed by the late ENOCH BEERY SEITZ. 

Two equal spheres touch each other externally. If a point be taken at random 
within each sphere, show that (1) the chance that the distance between, the points is less 
than the diameter of ether sphere is 13/35, and (2) the average distance between them is 
[This is Problem 5835, Educational Times, of London. ] 


ys Solutions of these problems should be sent to B. F. Finkel not later than Sept. 10. 


BOOKS AND PERIODICALS. 


Bibliography of American Arithmetics. By J. M. Greenwvod, Superinten- 
dent of Schools, Kansas City, Mo., and Artemas Martin, A. M., Ph.D., LL. D., 
Geodetic Survey Office, Washington, D.C. Issued by the National Bureau of 
Education. 
This is a very complete bibliography of the Arithmetics published in this country 
from the earliest time down to the present. Not only the names of the book, the author 
and the publishers are given, but also a brief description of each book. B. F. F. 


A Primer of the Calculus. By E. Sherman Gould, Member American So- 
ciety of Civil Engineers. Second edition, revised and enlarged. l6mo. Cloth, 
122 pages. Price, 50 cents. New York: D. Van Nostrand Company. 

This work is a development of the infinitesimal method of the calculus. It is 
restricted in its treatment to the absolute rudiments of the science, being intended for 
practical use rather than for class-room work. The favorable reception of the first edition 
has made it necessary to bring out a second edition which the author has somewhat 
enlarged and improved. B. F. F. 


The Ranger. An Instrument Invented and Patented by Francis J. Bayl- 
don, Extra Master, and A. Huddart Armstrong, Engineer, for the use of Seamen 
while Navigating their Vessels off the Land. S. EK. Lees, Printer and Stationer, 
81 Clarence Street, Sydney, Australia. 

In this pamphlet of 16 pages, is described ‘The Ranger,” an instrument for measur- 
ing triangles, that at once shows the value of the sides and angles of any triangle laid off 
onit, without the least calculation being necessary. The instrument is specially adapted 
to the use of seamen when in sight of land. It is very simple in construction and accurate 
in its results. B. ¥. ¥. 
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School Algebra with Exercises, By George Egbert Fisher, M.A., Ph. D,, 
and Isaac J. Schwatt, Ph. D., Assistant Professor of Mathematics in the Univer. 
sity of Pennsylvania. 8vo. Cloth, 406 pages. Price, $1.00. Philadelphia: 
Fisher and Schwatt. 

This book retains the distinctive features of the authors’ Text-Book of Algebra, Part 
I., but written with a view to the needs of younger students. ‘‘The aim has been to make 
the trensition from ordinary Arithmetic to Algebra natural and easy. Nothing has been 
slighted or evaded, and all difficulties have been honestly faced and explained. Special 
attention has been paid to making clear the reason for every step taken. Each principle 
is first illustrated by particular examples, thus preparing the mind of the student to grasp 
the meaning of a formal statement of the principle andits proof. . . . The importance 
of mental discipline to every student of Mathematics has also been fully recognized. On 
this account great care has been taken to develop the subject in a logical manner. Rigor. 
ous, but, as a rule, simple proofs of all principles have been given.’’ The book is in every 
detail one of the highest merit and is worthy the patronage of all teachers of Algebra. 

B. F. F. 

The American Monthly Review of Reviews. An International Illustrated 
Monthly Magazine. Edited by Dr. Albert Shaw. Price, $2.50 per year in ad. 
vance. Single numbers, 25 cents. 


The Cosmopolitan. An International Illustrated Monthly Magazine. Ed. 
ited and published by John Btisben Walker. Price, $1.00 per year in advance, 
Single numbers, 10 cents. Irvington-on-the-Hudson. 


ERRATA. 

In the last paragraph of ‘‘Note on Right Triangles,’’ THe AMERICAN 
MATHEMATICAL MontHLy, Vol. VI, No. 3, pp. 91, 92, we find, ‘‘A given area, or 
a given perimeter, can belong to but one prime right-angled triangle.” 

How will Professor Shedd reconcile the two prime right triangles whore 
respective sides are 12, 35, 37, and 20, 21, 29? Area==210—4 x 12x35=3x 
x21. M. A. GRUBER. 


On pages 138 and 139 of TH—E AMERICAN MATHEMATICAL MONTHLY (May), 
there is a misprint which may be corrected easily by the reader. It is obvious 
that the tangent of the angle included by the two lines is 


n r r 


mm, 
so that the condition for a right angle (formula 10, pp. 138 and 139), is 


nn, R*—r? 
m “mM, 
A. Emcu. 
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BIOGRAPHY. 


DR. PERCIVAL FROST. 


BY DR. GEORGE BRUCE HALSTED. 


ERCIVAL FROST made one in that Cambridge paradox, Second Wrang- 
KY lers greater than their Seniors. 
In 1837 the great Sylvester was second to Wm. N. Griffin, both of St. 
John’s College ; in 1839 Frost was second to B. M. Cowie, where the 
first four places in the Mathematical Tripos were all won by men of St. John’s 
College. Of other great seconds we recall Dr. Whewell, Clerk Maxwell, Lord 
Kelvin, Clifford, J. J. Thomson, truly a goodly company ! 

But Frost was First Smith’s Prizeman, a contest at which nearly all these 
great seconds beat their firsts, though Sylvester, being unwilling ta sign 
the Thirty-nine Articles, was debarred from entering this cnmpetition. 

Percival Frost, second son of Charles Frost, F. 8. A., a solicitor practicing 
inthe town of Kingston-upon-Hull, was there born on September 1, 1817. He 
died June 5, 1898. Frost’s earlier schooling was at Beverley, whence in 1833 he 
went to Oakham School, remaining until October, 1835, when he entered 
8. John’s College, Cambridge. 

The Senior and Second Wrangler in 1839 were both elected to fellowships 
in their College on the same day, March 18th, 1839. 

Frost illustrated another Cambridge peculiarity, great men choosing as a 
career to Tutor to private pupils, for example Hopkins, Frost, Routh. It is 


— 
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especially mentioned in the notice of him written for the Royal Society by his 
friend H. M. Taylor that his great success in obtaining private pupils when he 
returned to Cambridge in the Long Vacation succeeding his graduation induced 
him to abandon all idea of the legal profession, though urged by friends to read 
for the Bar, which indeed he had actually commenced to do. So settled and 
confident was he in this Cambridge profession of Private Tutor, that in 1841 he 
vacated his fellowship to marry Jennett Louise Dixon, of Oak Lodge, Finchley, 
with whom he “‘lived happy ever after’’ for 57 years ! 

Frost held a mathematical lectureship from 1847 to 1859 in Jesus College, 
from 1859 to 1889 in King’s College ; but his chief work still consisted in the 
tuition of private pupils. As Frost himself was pupil of a Second Wrangler, 
Dr. John Hymers (1826), so his own greatest pupil was a Second Wrangler, VW, 
K. Clifford, in 1867. 

Frost edited Newton’s Principia, Book I, sections 1—3, with notes, illus. 
trations, and a collection of problems. First published in 1854, new edition 
appeared in 1863, 1878, and 1883. In 1863, with Joseph Wolstenholme, the 
noted problem maker, Frost published ‘A Treatise on Solid Geometry.’ Whe 
it was to be reissued, Wolstenholme withdrew, and the second edition 1875 ani 
third edition 1886 were published by Frost alone, as also ‘Hints for Solution of; 
Problems in the Third Edition of Solid Geometry’ in 1887. On this essentid 
subject, this is one of the two great standard works in English. 

In 1872 he published his famous ‘Treatise on Curve-tracing.’ In this 
treatise he presumed on the part of the reader no knowledge of the Differential 
Calculus, and restricted his field in other wise ways, until he humorously says, 
‘In cutting off so many vital parts of a complete treatise I have to shew that | 
do not fall to the ground by sawing on the wrong side the branch on which I an 
sitting.’? In using the device of the Analytical Triangle, adopting Cramer) 
method of representing the possible terms by points, Frost was the first one 
regard them merely as points referred to the sides of the triangle as codrdinat 
axes, instead of regarding them with Cramer as marking the centers of thf, 


squares in which, in Newton’s parallelogram, the values of the terms were to bigs}: 


inscribed. 

This treatise cannot be too highly praised, and is still likely long to nm 
main the greatest on the subject. 

More than twenty papers by Frost on Algebra, Analytic Geometry, Lun 
and Planetary Theories, and Electricity and Magnetism are mentioned in th 
Royal Society’s ‘Catalogue of Scientific Papers.’ 

Frost was made g Fellow of the Royal Society in 1882, and the same 
was elected by King’s College, Cambridge, to a terminable Fellowship, to whi¢ 
he was re-elected three times, holding it at his death. Like Sylvester, Fr 
was devoted to music with a fine execution on the piano and a penetrating 
preciation of the masters. 

Think of a man living 80 years scarcely knowing a day’s illness ! 
seems to an American as if he had never really tried his powers to the utm 
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